In this paper we propose and study a general class of Gaussian Semiparametric Estimators (GSE) of the fractional differencing parameter in the context of long-range dependent multivariate time series. We establish large sample properties of the estimator without assuming Gaussianity. The class of models considered here satisfies simple conditions on the spectral density function, restricted to a small neighborhood of the zero frequency and includes important class of VARFIMA processes. We also present a simulation study to assess the finite sample properties of the proposed estimator based on a smoothed version of the GSE which supports its competitiveness.
Introduction
Let d = (d 1 , · · · , d q ) ∈ (−1/2, 1/2) q and let B be the shift operator. Consider the q-dimensional weakly stationary process {X t } ∞ t=0 obtained as a stationary solution of the difference equations diag k∈{1,··· ,q} 1) where {Y t } ∞ t=0 is a q-dimensional weakly stationary process whose spectral density function f Y is bounded and bounded away from zero. Each coordinate process in (1.1) exhibits long-range dependence whenever the respective parameter d i > 0, in the sense that the spectral density function satisfies f (λ) ∼ Kλ −2d i , as λ → 0 + , for some constant K > 0 and i ∈ {1, · · · , q}.
Processes of the form (1.1) constitute the so-called fractionally integrated processes. As a particular case, consider the situation where the i-th coordinate process
follows an ARMA model. In this case, the associated coordinate process X
will be a classical ARFIMA process with the same AR and MA orders and differencing parameter d i . If the process {Y t } ∞ t=0 is a vectorial ARMA process, then the resulting multivariate process will be the so-called VARFIMA process with differencing parameter d = (d 1 , · · · , d q ) . VARFIMA and, more generally, fractionally integrated processes, are widely used to model multivariate processes with long-range dependence. See, for instance, the recent work of Chiriac and Voev (2011) on modeling and forecasting high frequency data by using VARFIMA and fractionally integrated processes.
The parameter d in (1.1) determines the spectral density function behavior at the zero frequency as well as the long run autocovariance/autocorrelation structure. Hence, estimation becomes an important matter whenever the long run structure of the process is of interest.
Estimation of the parameter d in the multivariate case has seen a growing interest in the last years. A maximum likelihood approach was first considered in Sowell (1989) , but the computational cost of the author's method at the time was very high A few years later, Luceño (1996) presented a computationally cheaper alternative for the maximum likelihood approach based on rewriting and approximating the quadratic form of the Gaussian likelihood function. In a recent work, Tsay (2010) proposed an even faster approach to calculate the exact conditional likelihood based on the multivariate Durbin-Levinson algorithm. Although the maximum likelihood approach usually provides good results, it is still a computationally expensive method.
The works of Fox and Taqqu (1986) , Giraitis and Surgailis (1990) , among others, provided a rigorous asymptotic theory for (univariate) Gaussian parametric estimates which includes, for instance, n 1/2 -consistency and asymptotic normality. One drawback is the crucial role played by the Gaussianity assumption in the theory, which also requires strong distributional and regularity conditions and is non-robust with respect to the parametric specification of the model, leading to inconsistent estimates under misspecification.
In the univariate case, Gaussian Semiparametric Estimation (GSE) was first introduced in Künsch (1987) and later rigorously developed by Robinson (1995b) . It provides a more robust alternative compared to the parametric one, requiring less distributional assumptions and being more efficient. In the multivariate case, Robinson (1995a) was the first to study and develop a rigorous treatment of a semiparametric estimator. A two-step multivariate GSE has been studied in the work of Lobato (1999) , which showed its asymptotic normality under mild conditions, but without relying on Gaussianity. A few years later, Shimotsu (2007 ) introduced a refinement of Lobato's two-step GSE, which is consistent and asymptotically normal under very mild conditions (Gaussianity is, again, nowhere assumed), but with smaller asymptotic variance than Lobato's estimator. The technique applied in Shimotsu (2007) was a multivariate extension of that in Robinson (1995b) , powerful enough to show not only the consistency of the proposed estimator, but also the consistency of Lobato's two-step GSE. Recently, Nielsen (2011) extended the work of Shimotsu (2007) to include the non-stationary case by using the so-called extended periodogram while Pumi and Lopes (2013) extends the work of Lobato (1999) by considering general estimators of the spectral density function in Lobato's objective function.
The estimator introduced in Shimotsu (2007) is based on the specification of the spectral density function in a neighborhood of the zero frequency. Estimation of the differencing parameter d is obtained through minimization of an objective function, which is derived from the expression of the Gaussian log-likelihood function near the zero frequency. To obtain the objective function, the spectral density is estimated by the periodogram of the process. Although asymptotically unbiased, it is well known that the periodogram is not a consistent estimator of the spectral density, presents wild fluctuations near the zero frequency and, understood as a sequence of random variables, it does not converge to a random variable at all (cf. Grenander, 1951) . Some authors actually consider the periodogram "an extremely poor (if not useless) estimate of the spectral density function" (Priestley, 1981 , page 420). The estimators introduced in Lobato (1999) and Shimotsu (2007) are known to present a good finite sample performance, but given the wild behavior of the periodogram, a natural question is: can we do better with a better behaved spectral density estimator? In this work, our primary goal is to provide an answer to this question.
Our contribution to the theory of GSE is two-folded. First, being consistency a highly desirable property of an estimator, we study the consequences of substituting the periodogram in Shimotsu (2007)'s objective function by an arbitrary consistent estimator of the spectral density function. We prove the consistency of the proposed estimator under the same assumptions as in Shimotsu (2007) and no assumption on the spectral density estimator other than consistency. Second, considering Shimotsu (2007) 's objective function with the periodogram substituted by an arbitrary spectral density estimator, we derive necessary conditions under which GSE is consistent and satisfy a multivariate CLT. Gaussianity is nowhere assumed. In order to assess the finite sample properties of the estimators studied here and its competitiveness, we present a simulation study based on simulated VARFIMA process. We apply the so-called smoothed periodogram and the tapered periodogram as estimators of the spectral density function.
The paper is organized as follows. In the next section, we present some preliminaries concepts and results necessary for this work and introduce a general class of estimators based on appropriate modifications of the Shimotsu's objective function. Section 3 is devoted to derive the consistency of the proposed estimator while in Section 4 we derive conditions for the proposed estimator to satisfy a multivariate CLT. In Section 5 we present some Monte Carlo simulation results to assess the finite sample performance of the proposed estimator. Conclusions and final remarks are reserved to Section 6. The usually long proofs of our results are postponed to the Appendix A.
Preliminaries
Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1) and assume that the spectral density matrix of Y t satisfies f Y ∼ G for a real, symmetric, finite and positive definite matrix G. Let f be the spectral density matrix function of X t , so that
for h ∈ N * := N\{0}. Following the reasoning in Shimotsu (2007) , the spectral density matrix of X t at the Fourier frequencies λ j = 2πj/n, with j = 1, · · · , m and m = o(n), can be written as
where, for a complex matrix A, A denotes the conjugate transpose of A. Let
be the periodogram and the discrete Fourier transform of X t at λ, respectively. From the local form of the spectral density at zero frequency, given in (2.1), replaced in the frequency domain Gaussian log-likelihood localized at the origin, Shimotsu (2007) proposed a semiparametric estimator for the fractional differencing parameter d based on the objective function
with Λ j (d) defined in (2.1). The estimator of d is then given by 4) where the space of admissible estimates is of the form Θ = [−1/2 + 1 , 1/2 − 2 ], for arbitrarily small i > 0, i = 1, 2, henceforth fixed except stated otherwise. Shimotsu (2007) shows that the estimator based on the objective function (2.2) and (2.3) is consistent under mild conditions.
Given the wild behavior of the periodogram as an estimator of the spectral density function, specially near the origin, in this work we consider substituting the periodogram by some other spectral density estimator, say f n . Our interest lies on estimators based on objective functions of the form
Notice that (2.5) is just (2.2) with the periodogram I n in (2.3) replaced by f n . The estimator of d is then defined analogously as
In the sections to come, we shall study the asymptotic behavior of estimator (2.7). The study is focused on two different classes of spectral density estimator. First we shall consider the class of consistent estimators of the spectral density function and we shall show that, under no further hypothesis on the f n , estimator (2.7) is consistent. Second, we consider a class of spectral density functions satisfying a moment condition and we shall derive conditions for the consistency and asymptotic normality of the estimator (2.7).
Before proceeding with the results, we shall establish some notation. Let {X t } ∞ t=0 be a qdimensional process specified by (1.1) and let {ε t } t∈Z such that
We define a function A by setting
The periodogram function associated to {ε t } t∈Z is denoted by I ε , that is,
For a matrix M , we shall denote the r-th row and the s-th column of M by (M ) r· and (M ) ·s , respectively.
Consistency of the estimator
Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Suppose that the spectral density matrix of the weakly stationary process {Y t } ∞ t=0 in (1.1) satisfies f Y (λ) ∼ G 0 for a real, symmetric and positive definite matrix
be the true fractional differencing vector parameter and assume that the following assumptions are satisfied:
for all r, s = 1, · · · , q.
A2. Denoting the sup-norm by · ∞ , assume that
where {ε t } t∈Z is a process such that E(ε t |F t−1 ) = 0 and E(ε t ε t |F t−1 ) = I q , a.s.
for all t ∈ Z, where I q is the q × q identity matrix and F t denotes the σ-field generated by {ε s , s ≤ t}. Also assume that there exist a scalar random variable ξ and a constant K > 0 such that E(ξ 2 ) < ∞ and P ε t
A3. In a neighborhood (0, δ) of the origin, A given by (2.8) is differentiable and, as λ → 0 + ,
A4. As n → ∞,
Remark 3.1. Assumptions A1-A4 are the same as in Shimotsu (2007) and are multivariate extensions of the assumptions made in Robinson (1995b) and analogous to the ones used in Robinson (1995a) and Lobato (1999) . Assumption A1 describes the true spectral density matrix behavior at the origin. Notice that, since lim λ→0 + e iλ − 1 = 0, replacing e iπ(d 0
s )/2 makes no difference. Assumption A2 regards the causal representation of X t , and more specifically, the behavior of the innovation process which is assumed to be a not necessarily uncorrelated square integrable martingale difference uniformly dominated (in probability) by a scalar random variable with finite second moment. Assumption A3 is a regularity condition (also imposed in Fox and Taqqu, 1986 and Giraitis and Surgailis, 1990, among others, in the parametric case) and will be useful in proving Lemmas 3.1 and 3.2 below. Assumption A4 is minimal but necessary since m must go to infinity for consistency, but slower than n in view of Assumption A1.
Observe that assumptions A1-A4 are only concerned to the behavior of the spectral density matrix on a neighborhood of the origin and, apart from integrability (implied by the process's weakly stationarity property), no assumption whatsoever is made on the spectral density matrix behavior outside this neighborhood. For β ∈ (0, 1), let f n be an n β -consistent (that is, n β (f n − f ) P −→ 0, as n goes to infinity) estimator of the spectral density for all d 0 ∈ B, where B ⊂ R q is a closed set. If d 0 k ∈ (0, 0.5), the respective component of the spectral density matrix of
is unbounded at the origin. Hence, there is no hope in obtaining a consistent estimator of the spectral density function when d 0 ∈ (0, 0.5) q . For q ∈ N * , let
Lemma 3.1 establishes the consistency of G(d 0 ) given in (2.6) under the assumption of n β -consistency of f n in B. Due to their lengths, the proofs of all results in the paper are postponed to the Appendix A.
Lemma 3.1. Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Let f n be a n β -consistent estimator for f , for all
Theorem 3.1 establishes the consistency of d, given in (2.7) with Θ substituted by Ω β , under assumptions A1-A4 and assuming n β -consistency of the spectral density function estimator.
Theorem 3.1. Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Let f n be a n β -consistent estimator of f , for all d 0 ∈ B and β ∈ (0, 1), and let d be as in (2.7) with Θ substituted by Ω β . Assume that assumptions A1-A4 hold and let
Assuming the consistency of the spectral density estimator f n in Theorem 3.1 excluded the case d 0 ∈ (0, 0.5) q , so that, under this assumption, the process {X t } ∞ t=0 can have no long-range dependent component. To overcome this limitation, we now consider the class D of estimators f n := (f rs n ) q r,s=1 satisfying, for all r, s ∈ {1, · · · , q},
where A and I ε are given by (2.8) and (2.9), respectively, and
3) is satisfied by the ordinary periodogram and the tapered periodogram and, thus, D is non-empty. The next lemma will be useful in proving Theorem 3.2.
Lemma 3.2. Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Let f n ∈ D and assume that assumptions A1-A4 hold. Then, for
where A uv and B uv satisfy
and max
In Theorem 3.2 we derive a necessary condition for the consistency of d given in (2.7), when the consistency condition on f n is relaxed and we assume f n ∈ D instead.
be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Let f n ∈ D be an estimator of f , and consider the estimator d, based on f n , given in (2.7). Assume that assumptions A1-A4 hold. Then,
Asymptotic normality of the estimator
In this section we present a sufficient condition for the asymptotic normality of the GSE given by (2.7), under similar assumptions as in Shimotsu (2007) , with f n an estimator of the spectral density function satisfying a single regularity condition. The asymptotic distribution of the estimator (2.7) will be the same as (2.4), established by Shimotsu (2007) .
Again, let {X t } ∞ t=0 be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Suppose that the spectral density matrix of the weakly stationary process
be the true fractional differencing vector parameter. Assume that the following assumptions are satisfied B1. For α ∈ (0, 2 ] and r, s ∈ {1, · · · , q},
B2. Assumption A2 holds and the process {ε t } t∈Z has finite fourth moment.
B3. Assumption A3 holds.
B4. For any δ > 0,
B5. There exists a finite real matrix M such that
Remark 4.1. Assumption B1 is a smoothness condition often imposed in spectral analysis. Compared to assumption 1 in Robinson (1995a), assumption B1 is slightly more restrictive. It is satisfied by certain VARFIMA processes. Assumption B2 imposes that the process {X t } t∈N * is linear with finite fourth moment. This restriction in the innovation process is necessary since at a certain point of the proof of the asymptotic normality, we shall need a CLT result regarding a certain martingale difference derived from a quadratic form involving {ε t } t∈Z , which must have finite variance. Assumption B4 is the same as assumption 4 in Shimotsu (2007) and is slightly stronger than the ones imposed in Robinson (1995b) and Lobato (1999) The next lemma will be useful in proving Theorem 4.1. The proofs of the results in this section are presented in Appendix A.
be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Let f n be an estimator of f , and consider the estimator d, based on f n , given in (2.7). Assume that assumptions B1-B5 hold and that f n satisfies
for all r, s ∈ {1, · · · , q} and d 0 ∈ Θ, where A and I ε are defined in (2.8) and (2.9), respectively. Then,
The next theorem presents a necessary condition for the asymptotic normality of the GSE given in (2.7). We notice that the variance-covariance matrix of the limiting distribution is the same as the estimator in (2.4), as derived in Shimotsu (2007) .
be a q-dimensional process specified by (1.1) and f be its spectral density matrix. Let f n be an estimator of f , and consider the estimator d, based on f n , given in (2.7). Assume that assumptions B1-B5 hold. Suppose that f n satisfies (4.1), for all r, s ∈ {1, · · · , q} and
as n tends to infinity, where
with I q the q × q identity matrix and denotes the Hadamard product.
Monte Carlo Simulation Study
In this section we perform a Monte Carlo simulation study to assess the finite sample performance of the estimator proposed in (2.7). We apply, as spectral density estimators, the so-called smoothed and tapered periodogram and compare them to the estimator (2.4). We start recalling some facts about the smoothed and tapered periodogram.
The Smoothed Periodogram
Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1). Under some mild conditions, a class of consistent estimators of the spectral density of X t is the so-called class of smoothed periodogram. For an array of functions
(called weights) and { (k)} ∞ k=0 an increasing sequence of positive integers, the smoothed periodogram of {X t } ∞ t=0 at the Fourier frequency λ j is defined asf 1) where denotes the Hadamard product.
The smoothed periodogram (5.1) is a multivariate extension of the univariate smoothed periodogram. Notice that the use of the Hadamard product in (5.1) allows the use of different weight functions for different components of the spectral density matrix. This flexibility accommodates the necessity, often observed in practice, of modeling different characteristics of the spectral density matrix components (including the cross spectrum ones) with different weight functions. Types and properties of the different weight functions are subject of most textbooks in spectral analysis and will not be discussed here. See, for instance, Priestley (1981) and references therein.
In the presence of long-range dependence, the spectral density function has a pole at the zero frequency, so that some authors restrict the summation on (5.1) to k = −j. In practice, however, since the sample paths of X t are finite with probability one, there is no problem in applying (5.1) as defined.
Assume that the weight functions
and the sequence { (k)} ∞ k=0 satisfy the following conditions:
C1. 1/ (n) + (n)/n −→ 0, as n tends to infinity;
It can be shown that under assumptions C1 -C4 and if d ∈ (−0.5, 0) q , then the smoothed periodogram is a n 1/2 -consistent estimator of the spectral density. Theorem 3.1 thus applies and we conclude that the estimator (2.7) based on the smoothed periodogram is consistent for all d 0 ∈ Ω 1/2 = (−1/4, 0) q . At this moment, we have not been able to show the conditions of Theorems 3.2 and 4.1 hold for the smoothed periodogram, but we have empirical evidence that the estimator is indeed consistent and asymptotically normally distributed for d ∈ (−0.5, 0.5) q . See Section 5.3.
The Tapered Periodogram
In case of long-range dependent components in the process {X t } ∞ t=0 , the ordinary periodogram is not only non-consistent, but it is also asymptotically biased (cf. Hurvich and Beltrão, 1993) .
A simple way to reduce this asymptotic bias is by tapering the data prior calculating the periodogram of the series. Let {X t } ∞ t=0 be a q-dimensional process specified by (1.1). Let
be a collection of real functions defined on
The tapered periodogram I T (λ; n) of the time series {X t } n t=1 is defined by setting
We shall assume the following:
• Assumption D. The tapering functions h i are of bounded variation and
The tapered periodogram is not a consistent estimator of the spectral density function, since the reduction on the bias induces, in this case, an augmentation of the variance. Just as the ordinary periodogram, the increase in the variance can be dealt by smoothing the tapered periodogram in order to obtain a consistent estimator of the spectral density function in the case d ∈ (−0. 
. This allows to show that the estimator (2.7) based on the tapered periodogram is also consistent and asymptotically normally distributed. These are the contents of the next Corollaries.
Corollary 5.1. Let {X t } ∞ t=0 be a weakly stationary q-dimensional process specified by (1.1) and with spectral density function f satisfying Assumptions A1-A4. Let f n be the tapered periodogram defined in (5.2) satisfying Assumption D. For d 0 ∈ Θ, consider the estimator d based on f n , as given in (2.7). Then, d P −−→ d 0 , as n tends to infinity.
be a weakly stationary q-dimensional process specified by (1.1) and with spectral density function f satisfying Assumptions B1-B5, with B4 holding for α = 1. Let f n be the tapered periodogram given in (5.2) satisfying Assumption D. For d 0 ∈ Θ, consider the estimator d based on f n , as given in (2.7). Then, for d 0 ∈ Θ,
as n tends to infinity, with Ω as given in Theorem 4.1.
Simulation Results
In this section we present a Monte Carlo simulation study to assess the finite sample performance of the estimator (2.7). Recall that a q-dimensional stationary process {X t } t∈Z is called a VARFIMA(p, d, q) if it is a stationary solution of the difference equations
where B is the backward shift operator, {ε t } t∈Z is a q-dimensional stationary process (the innovation process), Φ(B) and Θ(B) are q × q matrices in B, given by the equations
assumed to have no common roots, where φ 1 , · · · , φ p , θ 1 , · · · , θ q are real q × q matrices and φ 0 = θ 0 = I q .
All Monte Carlo simulations are based on time series of fixed sample size n = 1, 000 obtained from bidimensional Gaussian VARFIMA(0, d, 0) processes for several different parameters d and correlation ρ ∈ {0, 0.3, 0.6, 0.8}. We perform 1,000 replications of each experiment. To generate the time series, we apply the traditional method of truncating the multidimensional infinite moving average representation of the process. The truncation point is fixed in 50,000 for all cases. For comparison purposes, we calculate the estimator (2.4) (denoted by Sh) and the estimator (2.7) with the smoothed periodogram with and without the restriction k = −j (denoted by SSh and SSh * , respectively) and with the tapered periodogram (denoted by TSh).
For the smoothed periodogram, we apply the same weights for all spectral density components, given by the so-called Bartlett's window, that is,
, for all i, j = 1, 2.
For the tapered periodogram, we apply the cosine-bell tapering function, namely,
The cosine-bell taper is widely used in applications as, for instance, in Hurvich and Ray (1995), Velasco (1999) Overall all estimators present a good performance with small mse and standard deviation. The bias is generally small, except when the correlation in the noise is very high (ρ = 0.8) and the respective component of d is small (specially 0.1), in which case the bias is high. The SSh and SSh * estimators generally perform better than Sh and TSh in terms of both, mse and bias. The same can be said about the standard deviations of the estimators. As the correlation in the innovation process increases, the estimated values degrade in some degree according to the magnitude of the respective parameter component.
The best performance in terms of bias is obtained for α = 0.85 for most cases (83 out of 128 cases). The value α = 0.85 also gives uniformly smaller mean square errors for all estimators. For the SSh estimator, there is an overall equilibrium over the values of β presenting the smallest bias and usually the combination α = 0.85 and β = 0.9 gives the best results in terms of mean square error. For the SSh * , α = 0.85 gives the best results in most cases (21 out of 32) while for β there is an equilibrium between the values. The Sh and the TSh estimators present similar behavior and in most cases they agree in the value of α which yields smallest bias. There is a small advantage for α = 0.85 in terms of bias in both cases (19 and 18 out of 32 for the Sh and TSh, respectively). In terms of mean square error and standard deviation, α = 0.85 generally presents best results and overall the Sh has advantage over the TSh estimator. The variance of the estimators generally responds strongly to changes in α than in β in the opposite direction, that is, the higher the α, the smaller the variance. to ρ = 0.8. At this moment, we were not able to prove the asymptotic normality of the SSh estimator by direct verification of (4.1). However, we conjecture that this is the case and Figure  5 .1 supports this opinion. 
Conclusions
In this work we propose and analyze a class of Gaussian semiparametric estimators of multivariate long-range dependent processes. The work is motivated by the semiparametric methodology presented in Shimotsu (2007) . More specifically, we propose a class of estimators based on the method studied in Shimotsu (2007) by substituting the periodogram applied there for an arbitrary spectral density estimator. We analyze two frameworks. First we assume that the spectral density estimator is consistent for the spectral density estimator and we show that the proposed semiparametric estimator is also consistent under mild conditions. Second, we relax the consistency condition and derive necessary conditions for the consistency and asymptotic normality of the proposed estimator. We show that the variance-covariance matrix of the limiting distribution is the same as the one derived in Shimotsu (2007) , under the same conditions imposed in the process.
In order to assess the finite sample performance and illustrate the usefulness of the estimator, we perform a Monte Carlo simulation based on VARFIMA (0, d, 0) processes. We applied the smoothed periodogram with the Bartlett's weight function and the tapered periodogram with the cosine-bell taper as the spectral density estimators. For comparison we also compute the estimator proposed in Shimotsu (2007) .
The assumptions required in the asymptotic theory are mild ones and are commonly applied in the literature. The semiparametric methodology present several advantages compared to the parametric framework such as weaker distributional assumptions, robustness with respect to misspecification of the short run dynamics of the process and efficiency. The theory includes the fractionally integrated processes as well as the class of VARFIMA processes.
Proof of Lemma 3.1:
Recalling the definition of Λ j given in (2.1), we have
The (r, s)-th component of the second part on the RHS of (A.1) is given by
Re e
where the penultimate equality follows from lemma 1 in Robinson (1995b) , by taking γ = d 0 r + d 0 s + 1 > 1 − β > 0, while the last one follows since β ∈ (0, 1) and
, for all r, s ∈ {1, · · · , q} and the proof is complete.
Proof of Theorem 3.1:
. Let 0 < δ < 1/2 be fixed and let
Let 0 < < 1/4 and define Θ 1 := θ : θ ∈ [−1/2 + , 1/2] q and Θ 2 = Ω β \Θ 1 (possibly an empty set), where Ω β is given by (3.2). Following Robinson (1995b) and Shimotsu (2007), we have
where, for a given set O, O denotes the closure of O. We shall first show that
where
,
Since x − log(x + 1) has a unique global minimum in (−1, ∞) at x = 0 and x − log(x + 1) ≥ x 2 /4, for |x| ≤ 1, it follows that
As for Q 1 (d) and Q 2 (d) in (A.3), it suffices to show the existence of a function h(d) > 0 satisfying
as n goes to infinity, because (ii) implies inf 5) so that we can write
To determine the function h in (i), we first show that the second term on the RHS of (A.6) is o P (1). This follows by noticing that its (r, s)-th element is given by
for C a constant, where the penultimate equality follows from lemma 1 in Robinson (1995b) and the last one follows since d ∈ Ω β . Hence
Upon defining the matrices Now we move to bound P 2 in (A.2). Expression (A.5) can be used to rewrite L(d) as 8) where Re
and
where [x] denotes the integer part of x. 9) where the last equality follows from lemma 5.4 in Shimotsu and Phillips (2005) . The (r, s)-th element of the third term on the RHS of (A.9) is given by
uniformly in θ ∈ Θ 2 , since d 0 ∈ Ω β , β ∈ (0, 1) and Assumption A4, where the penultimate equality follows from lemma 5.4 in Shimotsu and Phillips (2005) . Hence
The proof now follows viz a viz (with the obvious notational identification) from the proof of theorem 1 in Shimotsu (2007), p.294 (see the argument following equation (16)). We thus conclude that P 2 → 0, as n tends to infinity, and the proof is complete.
Proof of Lemma 3.2:
For fixed r, s ∈ {1, · · · , q}, let A uv := v j=u A j and B uv := v j=u B j , where 10) and
Hence, for each j,
which yields max
and the result on A uv follows. As for B j , from the proof of lemma 1(a) in Shimotsu (2007) (notice that B j does not depend on f n ) it follows that B uv = o P (v) uniformly in u and v and the desired result follows.
Proof of Theorem 3.2:
From a careful inspection of the proof of Theorem 3.1, we observe that it suffices to show (with the same notation as in that proof) .12) uniformly in Θ 1 and that 13) where 0 < C < ∞ is a constant. Now, from Lemma 3.2,
The RHS of (A.14) is o P ( 
uniformly in θ ∈ Θ 2 , where the last equality is derived similarly to (A.13) from summation by parts and lemma 5.4 in Shimotsu and Phillips (2005) . This completes the proof.
Proof of Lemma 4.1:
(a) For r, s ∈ {1, · · · , q} fixed, we have
where the last equality follows from B4, and (4.2) follows.
(b) Rewrite the argument of the summation in (4.3) as A j + B j + C j , where Proof of Theorem 4.1:
The idea of the proof is similar to that of Lobato (1999) with similar adaptations as in Shimotsu (2007) . By hypothesis,
with probability tending to 1, as n tends to infinity, for some
We observe that d has the stated limiting distribution if .15) and
We shall prove (A.15) first. Observe that, for r ∈ {1, · · · , q},
Let I (r) denote a q × q matrix whose (r, r)-th element is 1 and all other elements are zero. Define a function ϕ : (0, ∞) → C by
and Re (a + ib)(c + id) = ac − bd, we can write
Therefore, for η an arbitrary vector in R q , from (A.18) we obtain
We analyze R 1 first. By letting
we can write .19) By Lemma 4.1(b), (A.19) can be written as
uniformly in r, s ∈ {1, · · · , q}. Therefore, .20) where the last equality follows from 
First we show that P d ∈ M → 1, as n → ∞. Assuming the same notation as in the proof of Re ϕ(λ j )
where ϕ is given by (A.17). For k = 0, 1, 2, let
so that, we can write Re ϕ(λ j )I (r) Re Λ j (d)
Re log(λ j )I (r) Re Λ j (d)
By summation by parts, Lemma 4.1 and assumption B4 for ρ(λ j ) proportional to λ j , λ 2 j and λ j log(λ j ). The order of the terms proportional to λ j has already been obtained, while the one proportional to λ 2 j is dealt analogously since λ 2 j = O(λ j ).
The term proportional to λ j log(λ j ) is o P (1) since, by summation by parts, Lemma 4.1 and assumption B4, In order to finish the proof, it suffices to show that,
log(λ j ) k + o P log(n) log(λ j ) 
